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Abstract 



^ . Perturbative computations of the expectation value of the Wilson loop in 

. = 4 supersymmetric Yang-Mills theory are reported. For the two special 

cases of a circular loop and a pair of anti-parallel lines, it is shown that the sum 
of an infinite class of ladder-like planar diagrams, when extrapolated to strong 
coupling, produces an expectation value characteristic of the results of the 
AdS/CFT correspondence, (W) ~ exp ( (constant) y^^iV) . For the case of the 
circular loop, the sum is obtained analytically for all values of the coupling. In 
this case, the constant factor in front of g'^N also agrees with the supergravity 
results. We speculate that the sum of diagrams without internal vertices is 
exact and support this conjecture by showing that the leading corrections to 
the ladder diagrams cancel identically in four dimensions. We also show that, 
for arbitrary smooth loops, the ultraviolet divergences cancel to order g^N"^. 



1 Introduction and Summary 



The AdS/CFT correspondence conjectures a duality between A/" = 4 supersymmetric 
Yang-Mills theory in four dimensions and type IIA superstring theory on an AdSs x 
background [Q, 0, |, |, ^. There are three levels to this conjecture: 

• In its strongest version the correspondence asserts that there is an exact equiv- 
alence between four dimensional A/" = 4 supersymmetric Yang-Mills theory and 
type IIB superstring theory on the AdSs x background. This also contains 
the conjecture that the AdSs x background is an exact solution of type IIB 
superstring theory. 

• A weaker version asserts a duality of the 't Hooft limit of the gauge theory, where 
N ^ oo with the 't Hooft coupling g'^N held fixed, and the classical — > limit 
of type IIA superstring theory on AdSs x "S*^. In this correspondence, corrections 
to classical supergravity theory from stringy effects which are of order a' would 
agree with corrections to the large 't Hooft coupling limit, of order 1/ \J g'^N , 
but higher orders in g^ on the supergravity side and non-planar diagrams on 
the gauge theory side could disagree. 

• An even weaker version is a duality between the 't Hooft limit where one also 
takes the strong coupling limit g'^N oo and the low energy, supergravity limit 
of type IIB superstring theory on AdSs x 5^. In this case, there would be order 
a' and gs corrections to supergravity which might not agree with order l/N"^ 
and 1/ \/g'^N corrections to A/" = 4 supersymmetric Yang-Mills theory. 

Even this last, weakest version of the correspondence has profound consequences. Pre- 
vious to it, the only quantitative tool which could be used to attack supersymmetric 
Yang-Mills theory was perturbation theory in g'^, the Yang-Mills coupling constant. 
This is limited to the regime where g^ is small. Furthermore, although some qualita- 
tive features of the large limit are known, it is not possible to sum planar diagrams 
explicitly. The AdS/CFT correspondence enables one to compute correlation func- 
tions in the large N , large g'^N limit. This limit contains the highly nontrivial sum of 
all planar Feynman diagrams, and emphasizes those diagrams which have infinitely 
many vertices. 

Because they are inaccessible to perturbation theory, the predictions of the AdS/CFT 
correspondence are very difficult to check in any direct way. The main evidence which 
supports the correspondence comes from symmetry arguments. The global symme- 
tries of both J\f = 4 supersymmetric Yang- Mills theory and type IIB string theory on 
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AdSs X are identical. They have the same global super-conformal group SU{2, 2 | 4) 
(whose bosonic subgroup is 5*0(4,2) x S'f/(4)). Not only are the global symmetries 
the same, but some of those objects which carry the representations of the symmetry 
group — the spectrum of chiral operators in the field theory and the fields in super- 
gravity theory — can, to some degree, be matched 0. Furthermore, both theories 
are conjectured to have an Mo ntonen- Olive SL{2, Z) duality acting on their coupling 
constants. 

The only correlation functions which can be checked directly are correlators which 
are protected by non-renormalization theorems and thus do not depend on the cou- 
pling constant. These correlators are related to anomalies in the SU{4) R-symmetry 
and conformal current algebras. A number of them have been shown to match [Q. 

In this paper, we sum infinite classes of planar ladder diagrams in A/" = 4 super- 
symmetric Yang-Mills theory, and compare our results with the predictions of the 
AdS/CFT correspondence. We are for the most part interested in the Wilson loop 
operator. All computations are in the 't Hooft limit where N is put to infinity while 
holding g'^N fixed. We shall not succeed in providing a direct test of the correspon- 
dence. However, we will show that the generic dependence of the loop expectation 
value on the coupling constant found in the AdS/CFT computations arises naturally 
when perturbation theory is summed to all orders and extrapolated to strong cou- 
pling. We also compute the exact weak coupling results to order g'^N'^ which, if one 
takes the strongest version of the AdS/CFT correspondence seriously, should tell us 
something about classical superstrings on AdSs x in the strong curvature limit. 
We shall also find that leading order corrections to the sum of ladder diagrams vanish 
for the two simple loops that we study. 



The Wilson loop operator is a phase factor associated with the trajectory of a heavy 
quark in the fundamental representation of the gauge group, which in our case is 
U{N). The loop operator which couples to classical quantities in the superstring 
theory in the simplest way provides a source for a classical string p, |^, ||, ^ . It is 



where x^{t) is a parameterization of the loop, yi = y/i^9i and 9i is a point on the five 

dimensional unit sphere (6*^ = 1). This operator measures the holonomy of a heavy 
W-boson whose mass results from spontaneous breaking of U{N + 1) gauge symmetry 
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1.1 The Wilson Loop 




(1) 




to U{N) X U{1). In the AdS/CFT correspondence, it is computed by finding the area 
of the world-sheet of the classical string in AdSs x 5*^ whose boundary is the loop C, 
which in turn lies on the boundary of AdSs ^ 

The expectation value of the Wilson loop operator is easy to compute in pertur- 
bation theory 



(W--(C)) = 1 + 1^ fdn dr, f - f ■) ■ ^(^') + . . . . (2) 



For a loop without cusps or self-intersections, this result is finite. This is because 
a cancellation occurs between the contributions of the scalar and vector fields. The 
case of cusps and self- intersections has been discussed in M. 



1.2 Summary of results 

We work in Feynman gauge and consider specific, not necessarily gauge invariant, 
classes of planar Feynman diagrams. We will comment on the issue of gauge invariance 
later. In all computations, we consider only planar diagrams, thus the coupling 
constant dependence of all results is in the combination g'^N. 



1.2.1 Cancellation of ultraviolet divergences 

J\f = 4 supersymmetric Yang-Mills theory is a conformal field theory for any value 
of its coupling constant. This conformal invariance is a result of the fact that the 
theory has no dimensional coupling constants, so it is conformally invariant at the 
tree level. In addition, the high degree of supersymmetry leads to a cancellation of 
loop corrections to the coupling constant renormalization. 

However, as we shall see, the theory does have divergent wave-function renor- 
malization, which does not contradict ultraviolet finiteness, since all divergences can 
be absorbed by rescaling the fields^. The Wilson loop potentially contains its own 
short- distance singularities which occur when the spacetime arguments of operators 
in the loop approach each other. In (^, the divergent contributions of the gauge 
fields and the scalars mutually cancel. We shall see in the following that, to order 
g^N^, part of such singularities survive in order to compensate for the infinite wave 
function renormalization, and all ultraviolet singularities cancel for a generic smooth 
(without cusps and self-intersections) loop. 

"'^In fact, some divergences are necessary in order for the theory to solve the conformal bootstrap 
equations [ p^ . 
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1.2.2 Parallel lines 



The Wilson loop operator for a single infinite straight line, W{C) where C is param- 
eterized by x{s) = (s, 0,0,0), is a BPS object: it commutes with half of the sixteen 
supercharges This residual supersymmetry protects it from obtaining quantum 
corrections. It is easy to verify that the first few orders in weak coupling perturba- 
tion theory cancel. In the strong coupling limit of planar diagrams, the AdS/CFT 
correspondence predicts that 

(WiC)) = 1. (3) 
In fact, this is the case for any array of parallel straight lines with like orientations. 



1.2.3 Circular loop 

For the circular loop, conformal invariance predicts that the expectation value of the 
loop operator is independent of the radius of the loopQ. We find that the sum of 
all planar Feynman diagrams which have no internal vertices (which includes both 
rainbow and ladder diagrams) produces the expression 



(W^(C^))ladders = /l( VW), (4) 

where Ii is the Bessel function. Taking the large g^N limit gives 



g 

(W^(C)) ladders = (7]-/2)l/2(^^2jY)3/4 ' (^) 

which has exponential behavior identical to the prediction of the AdS/CFT corre- 



spondence |11 



WC^))Ads/CFT=eV^'^. (6) 



'AdS/CFT 

It is intriguing that this sum of a special class of diagrams produces the exact 
asymptotic behavior that is predicted by the AdS/CFT correspondence, considering 
that it does not include any diagrams which have internal vertices. Assuming that 
the AdS/CFT prediction is indeed the correct asymptotic behavior, there are two 

^Note the subtle fact that, since the circle could be obtained from an infinite straight line by a 
conformal transformation, and this conformal transformation should be a symmetry of the vacuum, 
the circular loop should have expectation value equal to that of the infinite straight line (^). We shall 
see explicitly that this is not the case. This asymmetry is introduced by the boundary conditions 
which require that propagators go to zero at infinity. 
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possible reasons for this agreement. First, the corrections to the sum of planar ladder 
diagrams could produce a term which would be added to (0) and which would grow 
no faster than exp{>y g'^N) for large g'^N. Such a term could modify the prefactor 
of the exponential but would not modify the exponent. Second, it is possible that 
corrections to the sum of ladder diagrams cancel and the result @ is exact. 

In order to explore this appealing possibility, we compute the leading order correc- 
tions to coming from diagrams with internal vertices. These occur at order g^N'^. 
We find that these diagrams do indeed cancel exactly when the spacetime dimension 
is four. Away from dimension four, there is a residual term of order {D — 4)g'^N'^ . It 
is tempting to speculate that all higher order corrections from diagrams with internal 
vertices also cancel. At this point we have not been able to check this possibility 
beyond order g^N"^. One reason we have to be optimistic is that the circular loop 
is related to the single straight line by a conformal transformation. The conformal 
transformation must not be representable as a unitary operator operating on the 
loop operator. Otherwise, the expectation value of the circular loop would be one 
(identical to the straight line) and we know this is not the case. However, for some 
classes of diagrams, the symmetry could survive. We know that, for the straight line, 
the rainbow diagrams, which are what the ladder diagrams are mapped onto, can- 
cel identically. This clearly does not happen for their conformal images on the circle. 
However it could still happen for the diagrams which have internal vertices — which do 
in fact cancel identically for the straight line Wilson loop. As stated above, we have 
checked explicitly that this is indeed the case for the leading order g^N"^ corrections. 
This has not yet been checked at higher orders. 

One important issue is gauge invariance. The computation of is in Feynman 
gauge. Since only a subset of the diagrams has been included, there is no guarantee 
that the calculation is gauge invariant. In fact, summing diagrams without internal 
vertices in a different gauge would give a different result. However, if the corrections 
indeed vanish then the sum would be equal to the gauge invariant sum of all Feyn- 
man diagrams on the Wilson loop. The cancellation of the diagrams with internal 
vertices would then be a special property of the Feynman gauge^. We have explicitly 
demonstrated that corrections vanish up to order g^N"^. 



•^In Feynman gauge, the vector propagator coincides with the scalar one, which makes, for in- 
stance, cancellation of ultraviolet divergences more transparent than in other gauges: the second 
term in (0) vanishes even before integration along the loop. 
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1.2.4 Anti-parallel lines 



Consider a rectangular Wilson loop with length T and width L. In the limit that 
T ^ L, the ends can be ignored and the loop can be seen as a pair of anti-parallel 
lines separated by a distance L. We find that the sum of all planar diagrams without 
internal vertices, the ladder diagrams, is given by 



{WiC)) 



ladders 



exp 



In- 



Att 87r3 g^N 



+ 



g'N « 1; 
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and by 



{W{C)) 



ladders 



exp 



l + O 



TT 



Vat 



g^N > 1. 



Here, we use the fact that T ^ L to ignore any terms in the exponent which are of 
lower order than T/L. 

The logarithm in the exponent of the weak coupling limit (|^) comes from an 
infrared divergence which appears in the order g'^N'^ ladder diagram. It was shown 
in [0 that resummation of these logarithms to all orders replaces the logarithm of 
T/L by a logarithm of the coupling constant. We will elaborate on those arguments 
in section 5. Logarithms of this kind are known to appear in the Wilson loop in QCD 



at order g |T^. In the weak coupling limit, the leading term and the coefficient of 
the next-to- leading term are indeed gauge invariant. However, the strong coupling 
limit depends on the gauge parameter and we have quoted the result (^) in Feynman 
gauge only (while the particular constants vary, the generic behavior is still e^/^^). 
In the large 't Hooft couphng limit, the AdS/CFT computation^ |^ 



(iy(C))AdS/CFT 



g^N > 1. 



(9) 



Comparing this with (P), we see that summing only ladder diagrams does not produce 
@. The failure of this result to agree with the supergravity computation is not very 
interesting: since the anti-parallel lines are not as closely related to a BPS object 
as a circle, we have no reason to speculate that the sum of ladder diagrams would 
reproduce the exact strong-coupling behavior. 

We also find that the diagrams with internal vertices cancel exactly to the leading 
order g'^N'^. In this opposed to the circular loop where they only cancel in 

four dimensions, the cancellation occurs in any number of spacetime dimensions. 



*Note that the in |q] differs by a factor of 2 from our definition. 
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The sum over an infinite number of diagrams tliat we liave done produces tlie 
strong coupling beliavior exp [(constant) a/^^V] wliicli is characteristic of the Wilson 
loops computed using the AdS/CFT correspondence. This seems to be the generic 
behavior of infinite sums of planar ladder diagrams. 

1.3 Outline 

In the rest of this paper we give a detailed derivation of the above results. In section 2, 
we give the results of some loop calculations. In section 3, we prove that ultraviolet 
singularities cancel to order g^N"^ for any smooth loop. In section 4, we consider 
the circular loop. We compute the sum over ladder diagrams and show that the 
diagrams with internal vertices cancel to order g'^N'^. In section 5, we give similar 
arguments for two anti-parallel lines. In section 6, we summarize some speculations 
about the implications of our results. In appendix A, we summarize our notation and 
conventions and record some useful formulae. 



2 Perturbation theory 

With the exception of section ^ we use regularization by dimensional reduction 
throughout this paper. This procedure considers supersymmetric Yang-Mills theory 
in 2uj dimensions as a dimensional reduction of A/" = 1 supersymmetric Yang-Mills 
theory in ten dimensions. In this scheme, the gauge field A^^{x) is a 2uj component 
vector field. The index of the scalar field runs over 10 — 2uj values, i = 1, 10 — 2uj. 
In every dimension, the fermion field has sixteen real components. Regularization 
by dimensional reduction preserves the sixteen supersymmetries of the ten dimen- 
sional Yang-Mills theory. These lead to four conserved four component Majorana 
spinor supercharges in four dimensions. This regularization scheme provides a super- 
symmetric regularization of the four dimensional theory. Since the gauge coupling 
becomes dimensional in any spacetime dimension other than four, the regularization 
breaks conformal symmetry explicitly. It also modifies the R-symmetry. 



2.1 One loop self energy of the vector and scalar fields 

Consider the one loop self-energies of the vector and scalar field. The dimension of 
space-time is D = 2uj. All of the loop integrals are elementary and can be found in 



reference books such as [jl4[. We parameterize the Wilson loop by a;(r), and abbreviate 
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The vector field obtains self-energy corrections from: 
• A^^ colors of vector fields and ghost fields: 




10 — 2a; real scalar fields in the adjoint representation: 

_ _,.v^r(2-^)r(.)r(^-i) i^-v,v.l^ 

^ (47r)'^r(2a;) ^ ' p2-2a; 

• four fiavors of four-component Majorana fermions in the adjoint representation: 

^ (47r)'^r(2c;) ^ ^ f-^^ 

Note that these are the negative of the conventionally defined self-energies. Thus, to 
one loop order, the propagator for the unrenormalized gluon, in Feynman gauge is 

Ac;^^ = ,2^..^ _ 4^ r(2- a;)rMr(a;-l) _ _ , 5,.-p,p.lp\ 

^ p2 y (47r)'^r(2a;) ^ ' f-^^ ^ ' 

Similarly, we can compute the one loop correction to the scalar propagator. It 
obtains corrections from: 

• the scalar-vector intermediate state: 

^ = ,.V^r(2-.)rMr(.-i) _ ^^j^ 



(47r)'^r(2u;) ' >6-2a; 

and the fermion loop: 

= ■ 8(2. - 1)^ 



(47r)'^r(2a;) ' >6-2a; 
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Thus, to one loop order, the (unrenormahzed) scalar propagator is 



Note that, aside from vector indices, the scalar and vector propagators are identical. 
Also, note that the self-energy corrections have poles at u; = 2 which arise from an 
ultraviolet divergence. If we were to compute correlators of local renormalized fields, 
it would be necessary to add a counterterm to the action in order to cancel these 
ultraviolet singularities. Here, for purpose of computing the Wilson loop, we leave 
them unrenormahzed. 

2.2 Ladder diagrams 

The ladder-like diagrams to order g'^N'^ contribute 
g^N^ r 

El = (b dri dT2 dr^ dr^ 

^ J T\>T2>TZ>T4, 

This result is finite when xir) is a smooth curve. 









(2 






1 - x(^) ■ 


-X(2)|2 


^(3) _ 3,(4) 1 





2.3 Insertion of one loop corrections to propagators 

Using the one loop self-energies of the vector and scalar fields that we found in section 
2.2, we can find the corrections to the expression (|]) resulting from insertion of one 
loop into the vector and scalar field propagators. 

We begin with the correction to the scalar propagator in momentum space. From 
equation (0) it is 



(47r)^r(2cu) ' '[p2]3-'^- 

The Fourier transform of this expression, computed using (031), is 

V^iuj-l) 1 



-d^^g^N 



2%2c.(2-cu)(2cj-3) [x 



212^-3 



If we now combine this with the analogous expression for the vector field propagator 
and compute the correction to the circular loop the result is 

2%2-(2-cu)(2a;-3)/ [(^,(1) _ ^(2))2] 2-3 > I ) 
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where a factor of came from taking the trace over gauge group generators, a 

factor of came from the normahzation of the Wilson loop, and an additional 
factor of 1/2 came from the combinatorics of expanding the Wilson loop operator to 
second order. We see that the integrand is identical to with a correction to the 
coefficient 

g^N g^N g^N^T^{LU - 1) 



47r2 47r2 128 7r2^(2 - cj)(2tu - 3) ' 
The coefficient diverges in four dimensions (at uj = 2). 

2.4 Diagrams with one internal vertex 

The order g^N"^ contributions with one internal vertex come when we Taylor expand 
W{C) to third order in A and $ and Wick contract it with the relevant vertices to 
obtain the quantities: 

3! 

i 



2!1! 



dndT2dn(TiV[A{n)AiT2)A{T,)]^- j d'yr"'d,<pny)A%ymy) 
dn dr, dT,(T:TVmn)Air2Mr,)] (- J d^yr'^d,Al{y)A%y)Al{y) 



where A{t) = y4^(a;)i;^(r)T" and $(r) = $"(x)|x|T". The minus signs in both 
vertices come from the expansion of (we work in Euclidean space). The sum of 
the two diagrams is 

^rfrirfr2rfr3e(rir2r3)(|x«p(3)| -x^^)^ 



X . ^ / d^^w A(x(^) - w)A{x^^^ - w)A{x^''^ - w). 

Here, e is the antisymmetric path ordering symbol: we define e(ri T2 ts) = 1 for ri > 
T2 > Ts and let e be antisymmetric under any transposition of Tj. It is straightforward 
to introduce Feynman parameters and do the integral over w to obtain 

^3 = ^'^'^^^7^^ / ^« dp {aPjr-'6{l - a - (3 - ^) j dn dr^ dr^ e{n v,) 

I I _ . i;{3)) _ a)x(2) . ^(1) _ ^^^(2) . ^(3) _ ^p^i2) . ^(2)) 

[a(3\xW - x(2) |2 + a-f\xW - x(3) |2 + pj\x(^) _ ^(2) |2] 

(14) 
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3 Cancellation of divergences to order g^N'^ 



A logarithmic divergence arises in the integral (|T3D from where ti is coincident with 
T2- This divergence should cancel with the divergence in the coefficient of S2 in (|T2|) 
so that the order g^N"^ contribution 

Si + S2 + S3 

is finite. In extracting the divergences from (|I3D, we must consider the integral 

G{n) = j d^w A{w - x(^))A(w - x^^^)A{w - x^^^), (15) 

in detail. This integral is singular in the limit x'-^-' x^^\ The divergent contribu- 
tion comes from the integration over w close to x^^^ and x^'^\ We can approximate 
\w — x^^^l ~ \x^^^ — x^^^l introducing simultaneously an infrared cutoff 5, so that the 



divergent part of (O) takes the form 



^(r,) ~ A(x« -x^^)) / d^wA{w-x^^^)A{w-x^^^). (16) 



As follows from dimensional counting, this integral depends only on the dimensionless 
ratio \x^^^ — x^'^^\/5. The limit where x*-^-* and x'-^-' are coincident is then equivalent 
to the limit of infinite 6. Without the infrared cutoff the integral would diverge 
logarithmically, so up to terms regular in the limit 5 — 00, we get 

1 1 rd^w_ 1 log|xW -x(^)|V(5^ 

^ 647r6 -x(3)|2 J ^ ~ ~64^ jxW -x(3)|2 ■ ^ ^ 

Since G only goes as a logarithm as points approach each other, ([l3|) receives divergent 
contributions only from x^^-* near x*^^-*; the parts of the integral with x*^^^ or x^^-* near 
x*-^-* are finite. This divergence is regularized by cutting off the integral over ri. 
Since the overall divergence is logarithmic, the result is independent of the method of 
regularization. Writing r = t^^^ — t^"^^ and Taylor expanding x*^^-* = x*-^-* + x*^^V + ■ ■ • , 
we see that the divergent part of (p!3D is 

dT2 (b dTs — — — / dr signr- 



647r^ 



1^(2) 1 


-X(2) 


3,(3) 


' |X(2) 


-X(3)|2 




1^(2) 1 1 


- X(2) . 


r(3) 

] 


|X(2) - 


- x(3) 2 





1287r4 / V |a;(2) _a,(3)|2 / ^ - xi^)\^ 



d^2 (p dr^ -p. -r^, loge. 



This cancels exactly against (jl^), for one should replace the pole 1/(2 — cu) at c<j = 2 
by —2 loge. 
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4 The circular loop 



In this section, we consider a circular Wilson loop, whose radius we can assume to be 
unity. A convenient parameterization of this loop is 

x(r) = (cost, sin r, 0, 0). (18) 
4.1 Summing the planar ladder graphs 

First, we will see how to sum all planar diagrams which have no internal vertices. 
These include all ladder and rainbow diagrams. Our strategy is the following: the 
large limit with g'^N held fixed is given by planar diagrams. It is well known 



that each planar graph will contain the same group theoretical factors |]T5|. We 
observe that, in fact, each planar diagram without internal vertices gives an identical 
contribution to the loop expectation value. We choose a fixed ordering of the times 
and compute a particular, convenient diagram. Then we multiply by the number of 
diagrams that occur to that order and sum over all orders. 

First, consider the 2n-th order term in the Taylor expansion of the loop 

- dn dT2--- dr2„Tr((a(ri) + <l>(ri))---(zA(t2„) + $(t2n))>. 

Jq Jo Jo 

Here we have chosen a particular time ordering, which cancels the factor of l/(2?7,)! 
which would come from the Taylor expansion of the exponential. We are interested 
in all Wick contractions which represent planar diagrams. Note that for the circular 
loop 











47r2 


^(1) 





87r2 ■ 
(19) 

Thus, the contributions of all (free-field) Wick contractions giving planar diagrams 
are identical (if we sum over all ways of choosing scalar or gluon lines). The color 
factor can be computed by repeated application of the identity: 

rparjna — ]_ 

Thus, for the sum of ladder-like diagrams with n propagators we obtain 

(g^N/A)"- 

— ^2~^1 — ^ planar graphs with n internal lines), (20) 
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where the factor l/{2n)\ accounts for the integral over the t^^\ 

We now have the task of counting the number of planar graphs with n internal 
lines. Any such diagram with n + 1 propagators can be uniquely decomposed as 





If we define An+i as the number of such diagrams then An+i satisfies the recursion 
relation 



fc=0 

with Ao = 1. If we define a generating function / by 

oo 
n=0 

then / satisfies zp{z) = f{z) — 1. So, 



2z ^(n + l)\n\ 

The sign of the square root is chosen by requiring that / be finite at z = 0. Hence 



(21) 



Ar 



(2n)! 



(22) 



(n + l)!n!' 

so the sum of all planar diagrams without vertices on the loop is, from ( ^Of ) and (^ 



ladders 



{g^Nj^Y _ 2 
-(n + l)!n! 



/i(vW). 



(23) 



Thus, the large g^N behavior is 



(W^(C^))ladders 

The supergravity prediction is that 



(W^(C))AdS/CFT 



(24) 



(25) 



so the ladder diagrams have the same leading behavior as the prediction of the 
AdS/CFT correspondence. 
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It is worth mentioning that the cancellation of coordinate dependence in the Wick 
contraction ([T9| ) maps the problem of summing the ladder-like diagrams to the zero 
dimensional theory. In particular, the number of planar graphs with no vertices and 
n propagators can be calculated from the infinite N limit of the matrix integral [0 

= (^TrM^") = [dM] IxrM^^expj-^TrM^ 



where 



Z = j [dM] exp|-y TrM^j. 



This can be evaluated by extracting the term of order z'^^ in the Taylor expansion of 
the zero- dimensional Wilson loop 



, iV 1-zM 

Using the identity 

dz e 



^(^) = (iTr-^). (26) 



{2n)\ /c27riz2"+i 

for a positively oriented contour C containing the origin, we can represent the sum of 
the ladder diagrams as 

(W^(C^))iadders = / ^-n{g'N/Az), (27) 

where C must be chosen large enough to encircle all singularities of the integrand. 
The function VL{z) satisfies a zero-dimensional loop equation |17| that follows from 
the identity 

and large factorization. In the infinite limit, this equality reduces to the algebraic 
equation for Vt{z): 



zn\z) - -n{z) + ^ = 0. 



This has solution 



2^2 

Substituting z"^ z, this is the same as (^). Shrinking the contour of integration in 
( p?!) to the branch cut of VL{z), we obtain 

(W^(C^))ladde.s = 4 ^eV^-V^ 

which is just the Bessel function (|23|) . 
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4.2 Diagrams with vertices 

The sum of the diagrams with one internal vertex attaching to three points on the 
Wilson loop is given by the expression ([T^) . It is convenient to abbreviate Tij = Ti — tj . 
For a circular loop, Ix*^*-*!^ = 1, Ix*^*-* — x^^^\'^ = 2(1 — cosTjj), x*^*-* ■ x^^^ = sinrjj, and 
xM . xU) = cosTij. Thus, from ([T3| ) 



9^ 22^+%^^ / dadpd^{aP^r-'5{l-a-P-^) 







/ e(rir2r3)(l-cosri3)(a(l-a)sinri2 + a7sinr23) 

X (h dTi aT2 cIts ^ 2ZJ^- 

J [aP{l - cos T12) + - cos r23) + 70(1 - cos n^)] 

(28) 

We are going to use integration by parts to rewrite (^) as a sum of a term which will 
cancel with the order g'^N'^ diagrams with internal vertices in (|T^) and a term which 
vanishes when uj = 2. For compactness, write the denominator 

A = aP{l - cosri2) + /37(1 - cosr23) + 70(1 - cosri3). 

Consider the identity 

, r , ^ e(nT2r3)(l - cosri3) 

dndT2dTs— = 0. (29) 



Using 



^e(ri T2 rg) = 25(ri2) - 25(ri3), (30) 



that a + /3 + 7 = 1, and the fact that the integrand in vanishes when Ti = T3, we get 
sinri3(Q;/3(l - cosri2) + l3-f{l - cosr23) + 7a(l - cosri3)) 



dri dT2 dr^ 



[1 — cosri3)(a/3sinri2 + 7a sinri3) 



+ (2a; - 3) —3^ T2 n) 



= '/'"^'"^ [7(1-7)]-- [l-cosn2]--- ^''^ 

Now, change variables in the first term on the left hand side so that the cosines in 
the denominator all have argument ri3 (note that this involves permuting a, (3, and 
7 as well, so the following holds only after inserting 5(1 — a — /5 — 7) and integrating 
these parameters over the unit cube). Then add part of the second term, so that the 
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remaining part is proportional to (2uj — 4) to obtain 

(1 - cosri3)(a(l - a) sinru + a7sinr23) 



dri dT2 dT3 e(ri T2 n] 



+ (2cu - 4) 



(1 — cosri3)(a/5sinri2 + 7Q;sinri3) 



1 1 



2 (b dri dT2 



^ [7(1 - 7)]2^-3 [1 - COS Tu]^'^-^ ' 

The first term on the left hand side is precisely the term occurring in (|28|). Note that 
the second term can be rewritten as 

2cj-4 /■ , , , , . <9 1 



2a; - 4 f / . sin rig 

dTidT2drse{TiT2T3)- 



1 



+ 2 (p dri dT2 



[7(1 - 7)]2'--3 [1 -cos ri2] 2-^4 
using integration by parts. Finally, we have 

'1 - cosri3)(Q;(l - a) sinru + Q;7sinr23) 



dTidT2dT3e{TiT2T3)- 



2a; -4 / .sinri3 

dTidT2dT3e{TiT2T3) 



2a; - 3 / o y . . oj ^2^_3 

H (1) ctri ctr; 



2UJ-3J [7(1 - 7)]2^-3 [1 - cos Tisl^"^-^ ■ 

If we symmeterize, the integral in the first term on the right hand side may be 

rewritten (setting a; = 2) as 

1 2a; - 4 / sin ri2 + sin r23 + sin T31 
dri dT2 dT3 e(ri r2 r3) 



3 2a; — 3 / — cosri2) + /57(1 — cosr23) + 7a;(l — cosri3) 

This integration is completely finite. Since this term appears with a coefficient that 
vanishes when a; = 2, it vanishes in four dimensions. Inserting this expression into 
(pHD, we have the result 

S3 = g^N^ o o . w r i' dn dT2 7 T^r—; + O{2uo - 4). (32) 

3 y 22-+%2<^(2a;-3)(2-cu) 7 [1 - cos ri2]2'^-^ ^ i y i 

If we specialize (0) to the case of a circular loop, we obtain 

S2 = -g*N^ , J^!""^ ~ I) / c/ri dT2 7 ^ , . (33) 

y 22'^+47r2c.(2-cu)(2aj-3) 7 [1 - cos ri2]2'^-'^ ^ ' 



The two contributions (p^ and (^) cancel exactly when 2a; = 4: 

S2 + S3 = 0. 
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5 Anti-Parallel lines 



5.1 Summing Ladder Diagrams 

It is possible to sum the planar ladder diagrams for antiparallel lines separated by a 
distance L |T^. The calculation can be done by considering the more general case 
of a sum r(S', T) of ladder diagrams for two finite antiparallel lines of lengths S and 
T (we take 5*, T ^ L). The result we are interested in arises in studying the large 
S = T behavior. The sum of ladder diagrams satisfies the recursion relation 



T{S,T) = 1+ [ ds I dtT{s,t) 
Jo Jo 



(34) 



where the second factor in the integrand is the sum of vector and scalar propagators. 
r(S', T) satisfies the boundary conditions 

r(5,0) = r(0,T) = 1. (35) 

Taking derivatives of (j3^) we obtain the differential equation 

dSdT 47r2[(5-T)2 + L2]^'^'^- ^''''^ 

This equation is separable in the variables x = {S — T)/L and y = {S + T)/L. (How- 
ever, as we shall see in the following, the boundary conditions are not conveniently 
expressed in terms of these variables.) The separated ansatz is 

2/] = X] ^ri^riix) exp(fi„2//2), (37) 

n 

where c„ are constants which must be determined so that the boundary condition 
( p5D is satisfied and ipni^) are solutions of the Schrodinger equation 

The largest fi„ with non-vanishing contribution in (|37D dominates the large y for 
fixed X (large S and T) asymptotics of F. In order to see that the lowest bound state 
of the Schrodinger operator in (RSf) contributes, we consider the Laplace transform 



of r[a;, y]. Accounting for the boundary condition (^) which implies that r[a;,y] 
vanishes when y = \x\, we see that the Laplace transform is the resolvent of the 
Schrodinger equation. 



/ dye Pyr{x,y) = 2y— — — — . 
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Since the potential is symmetric and the ground state has no nodes {ipo{0) ^ 0), the 
ground state eigenvalue gives the largest Vtn contributing to (^). 

It is possible to find the ground state eigenvalues of (^) for small and large g^N . 
We find 

In r(r, T) = _ iL_ + j _, ,39) 

for g^N < 1 and 

lnr(T,T) = (v?iV/vr- 1 + 0(1/ vW))^, (40) 

for g^N > 1. 



5.2 Diagrams with vertices 

The sum of the diagrams with one internal vertex and three lines going to the Wilson 
loop is given by (0). For anti-parallel lines, T\ and rs must be on opposite lines so 
that the factor | | — x'^^^ ■ x*-^-* is non-zero. In that case, it provides a factor of 
2. Furthermore, we will find a non- vanishing result only when T2 is on the same line 
as Ti. There are two possible configurations like this, which provides a further factor 
of 2. Taking the parameterization of the lines to be 

a;W = (ri,L/2,0,0) 
= (r2,L/2,0,0) 
^^'^ = (-r3,-V2,0,0) 

we obtain 

r(2ti; — 2) 2 f 

S3 = g'^N'^ ^^^^^ — / dadpd'j {aPj)'^'^ 5{l - a - P - 'j) / dri dT2 dr-s e{ri T2 Ts) 

[aPin - T2) + 7a(ri + rg)] 

[a(3{n - r2y + P^{{t2 + + L2)'+7a((r3 + r^f + L^) Y""' ' 

which can be written as 

S3 = -g'^N'^ ^g^^^ — / da d(3 d-f (0^7)'^"^ 5(1 - a - /3 - 7) / dri dT2 dr^ e(ri T2 rg) 
d ° 1 



dn [a(3{n - r2f + h{{T2 + T,y + L2) + 7a ((rg + + L^)] 



2(^-3 ■ 
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Then, using (|30[) we can do the integral over ti to obtain 



[7(1-7)] 



2ui-3 



/■oo 

X / dro dT'i 



which yields 



S3 = g'N \^ jy Sl r / dr, dr. 



327r2-(2^ - 3)(2 - ^) j _^ [(^3 + ^.f + L^]'""'' 

This result is to be added to the diagrams which come from exchange of a vector and 
scalar field, each with internal loop corrections. The sum of those two diagrams is 

S2 = -g^N^ , ^'^"^"w r / dT2 d^ (41) 

^ 327r2-(2a;-3)(2-a;)y ' [^r-s + r^y + L^]'^'' ^ ' 

and, in the end, 

S2 + S3 = 0. 

We see that the quantum corrections to the Wilson loop cancel identically in all 
spacetime dimensions less than ten. 



6 Conclusions 

We have calculated contribution of planar diagrams without internal vertices to Wil- 
son loops in A/" = 4 supersymmetric Yang-Mills theory. For the two particular types 
of loops we have considered, circular and rectangular, these diagrams exponentiate. 
This fact is rather unexpected, given that the combinatorics of planar diagrams with- 



out vertices is different from that of diagrams in the free U{1) theory ||T8| , 19, 20 
which exponentiate for obvious reasons. Because the ladder-like diagrams exponen- 
tiate, the static potential is well defined in the ladder approximation and is easy to 
extract from the expectation values of the rectangular Wilson loop, (^) and (|40| ) p!2| . 
The dependence of the potential on the coupling constant, when extrapolated to the 
strong coupling regime, is very similar to, but not exactly the same as the one pre- 
dicted by the AdS/CFT correspondence. We have no explanation for this similarity, 
but the result for the circular loop indicates that this is not a mere coincidence. 

The planar diagrams without internal vertices for the circular Wilson loop sum up 
into an expression for which the strong coupling limit coincides with the prediction 
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of the AdS/CFT correspondence. We have conjectured that diagrams with internal 
vertices cancel for this Wilson loop in jV = 4 supersymmetric Yang- Mills theory. This 
conjecture is supported both by a direct calculation at order g'^N'^ and by agreement 
with the strong coupling results of the AdS/CFT correspondence. It seems that 
conformal symmetry plays a key role here, as the conformal symmetry of the theory 
would naively suggest that all higher orders of perturbation theory should cancel. 
While this is not the case, for reasons discussed above, it may be true that the 
diagrams with internal vertices are constrained by conformal symmetry to cancel 
amongst themselves. This is supported by the fact that the remarkable cancellation 
occurs only in four dimensions, the dimensionality in which conformal symmetry is 
present. 
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A Useful formulae and notation 

The Euclidean space action of four dimensional J\f = 4 supersymmetric Yang-Mills 
theory is 

i<j 

(42) 

where 

F;, = d,Al - d^Al + r^^A^Al 
and /"^"^ are the structure constants of the U (N) Lie algebra, 

j^^a ^ jabcrpc 

The generators are normalized as 

rj-iarj-ib ^ Xob 

~ 2 ' 
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and obey the identity 

c,d 

Now, ip"" is a sixteen component spinor obeying the Majorana condition 

^(x) = CiIj*{x), (43) 

where C is the charge conjugation matrix. = (7^,r*), for fi = 1,...,4 and 
i = 5, ...,10 are ten real 16 x 16 Dirac matrices (in the 10-dimensional Majorana 
representation with the Weyl constraint) obeying 

Tr (r^r^) = 165^^. 

We have chosen the covariant gauge fixing condition, 

d.A';, = 0, (44) 

and we work in Feynman gauge, where the gauge parameter is chosen as ^ = 1. The 
appropriate action for ghost fields, c"(x) has been included. 
In Feynman gauge, the vector field propagator is 



the scalar propagator is 



the fermion propagator is 



p. 

and the ghost propagator is 

1 

p2 

The vertices can be easily deduced from the non-quadratic terms in the action (^). 
Each vertex carries a factor of l/g^ and each propagator carries a factor of g^. 

We use the position-space propagators in 2ix;-dimensions. These can be deduced 
from the Fourier transform 

^2up ^ip-x Y{U-S) 1 
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(45) 



By setting s = 1 we find the Green function in 2uj dimensions: 

A(a;) = ^^"^ ~ , _^ which satisfies - d^/\{x) = ^^^(a;). (46) 



47r^ [x 

We record some formulae which are useful in reproducing the computations in this 
paper. Euler's B function is defined as 



Jo 



_ r(/i)r(z.) 



r(/i + z/) 



and the T function is 



T(n + l) = / dtee 



oo 







which satisfies r(n + 1) =72!, r(l/2) = -^7?, and the combinatorial formulae 

r((2n + l)/2) = {n- l/2){n - 3/2) . . . (l/2)v^, 
r(n)r(l/2) = T'-^T{n/2)T{{n + l)/2). 

One loop integrals in 2ljj dimensions can be computed using the dimensional regular- 



ization formulae p^ : 



2\ i^-s 



I d'^Ue + 2p-k + m^)-' = tt'^^^^V^ - P'Y 
J l{s) 

I d'-kk,{e + 2p.k + mY' = -p^v^-^^^^^ (m^ - p^" 

j d^^k k^k,{e + 2p-k + my = - 

X [p^lPu^{s -uj) - ^g^.u'^is - u; - l)(p^ + 

and the Feynman parameter formula, 
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